The NSTAB equilibrium and stability code and the TRAN Monte Carlo transport code furnish a simple but effective numerical simulation of essential features of present tokamak and stellarator experiments. When the mesh size is comparable to the island width, an accurate radial difference scheme in conservation form captures magnetic islands successfully despite a nested surface hypothesis imposed by the mathematics. Three-dimensional asymmetries in bifurcated numerical solutions of the axially symmetric tokamak problem are relevant to the observation of unstable neoclassical tearing modes and edge localized modes in experiments. Islands in compact stellarators with quasiaxial symmetry are easier to control, so these configurations will become good candidates for magnetic fusion if difficulties with safety and stability are encountered in the International Thermonuclear Experimental Reactor (ITER) project. magnetic fusion ͉ numerical methods ͉ plasma physics M agnetic fusion reactors confine a plasma of electrons and of deuterium and tritium ions in a strong magnetic field so at high temperatures the ions can fuse to form helium and release neutrons as a practical source of energy. The geometry of such devices is usually toroidal to allow the hot particles to circulate with a mean free path exceeding by far the size of the reactor. The most thoroughly studied configurations are tokamaks, which are axially symmetric and require a destabilizing net current in the plasma to prevent charged particles from drifting out toroidally. There is an alternate concept called the stellarator, which uses fully three-dimensional (3D) coils to create a poloidal field eliminating the toroidal drift. Our interest lies in magnetohydrodynamic (MHD) partial differential equations governing equilibrium and stability of the plasma, and in guiding center orbits of the ions and the electrons that lead to numerical simulations of transport. The method we apply to this problem in computational science is to run the NSTAB equilibrium and stability code and the TRAN Monte Carlo code written by Octavio Betancourt and Mark Taylor (1-4). We calculate physically realistic predictions of limits on the average ratio ␤ ϭ 2p/B 2 of the fluid and magnetic pressures and reliable estimates of the energy confinement time, which is a measure of pressure times volume divided by power in magnetic fusion experiments.
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Computational Science of Magnetic Fusion
Using the Maxwell stress tensor, we write the MHD equations for equilibrium and stability of a plasma in the conservation form
where B is the magnetic field and p is the fluid pressure. To obtain an accurate numerical approximation of force balance across discontinuities like islands or current sheets, analogous difference equations are represented in the NSTAB code by a similar scheme that telescopes down through addition over grid points to an integral statement of equilibrium related to the divergence theorem. Elementary examples from shock capturing show that ignoring conservation form results in failure when a physically realistic numerical method for magnetic fusion is to be implemented (5) . An accelerated method of steepest descent is applied to the MHD variational principle ͵͵͵ ͓B 2 /2 Ϫ p͑s͔͒dV ϭ minimum to solve the equations for equilibrium of a fusion plasma numerically. We assign profiles of the rotational transform and the fluid pressure p as functions of the toroidal flux s, and we prescribe the fixed boundary of the plasma as a Fourier series
where r, v, and z are cylindrical coordinates and u is a convenient poloidal angle. Stellarator symmetry is imposed if the coefficients ⌬ mn are real, and in this notation relatively few terms are needed to define configurations that are optimized to have desirable physical properties. The index m ϭ 1 is associated with helical excursions of the magnetic axis, the index m ϭ 2 characterizes elliptical elongations, the value m ϭ 3 measures triangularity, and so forth. Terms with the negative index m ϭ Ϫ1 describe cardioids with a crescent shape known to stabilize MHD equilibrium (6) .
The NSTAB code calculates equilibria with a Clebsch representation B ϭ ٌs ϫ ٌ ϭ ٌ ϩ ٌs of the magnetic field in terms of the toroidal flux s together with another, multiple-valued, flux function and a potential that can be renormalized as invariant poloidal and toroidal angles. The principal unknowns in the code are the radial coordinate R of a nested family of magnetic surfaces and the flux , both computed as functions of the three independent variables s, u, and v. A spectral method is used with respect to the poloidal and toroidal angles u and v, but finite difference equations in conservation form are used in the radial direction s. The latter have been expressed in an especially accurate fashion that was discovered through careful comparison with two-dimensional (2D) solutions found by separation of variables in helically and axially symmetric cases.
The magnetic field strength can be determined in flux coordinates from a Fourier expansion 1 B 2 ϭ Bmn͑s͒ cos ͓m Ϫ ͑n Ϫ m͔͒ whose coefficients B mn ϭ B mn (s) are called in our notation the magnetic spectrum (1) . Solving the MHD equations for the current density J ϭ ٌ ϫ B and noting that its divergence vanishes, we arrive at a similar representation
for the parallel current. The small denominators n Ϫ m in this expansion play an important role in the theory of dynamical systems (1) . In 3D equilibria they show that singularities appear at resonant surfaces s ϭ const. where the rotational transform ϭ n/m is rational. In a similar way, a continuous spectrum occurs in linear stability analyses of axially symmetric configurations (7). Our computations overcome these difficulties by putting the MHD equations in conservation form and then looking for weak solutions that are allowed to have discontinuities but become well defined according to established rules from the theory of nonlinear partial differential equations (4, 8) . Finally, we note that in the NSTAB code, a desired change in a typical coefficient B mn of the spectrum can be accomplished by performing an appropriate alteration of the corresponding shape factor ⌬ mn defining the boundary of the plasma.
We have used the MHD variational principle to calculate equilibrium and stability of toroidal plasmas in three dimensions. The method has been applied to the Doublet III-D tokamak at General Atomic and to the Large Helical Device (LHD) stellarator in Japan (9) (10) (11) (12) . Comparison with observations is good in both cases. Sometimes the solution of the equations turns out not to be unique, and there may exist bifurcated equilibria that are nonlinearly stable when other theories predict linear instability. The calculations are consistent with high values of ␤ that have been achieved in the LHD experiment.
Three-Dimensional Solutions for Two-Dimensional Tokamaks
Our simulations of magnetic fusion were developed primarily to study stellarators, but the procedures that have been implemented in the NSTAB and TRAN computer codes apply equally well to tokamaks with axially symmetric boundary conditions for which ⌬ mn ϭ 0 unless n ϭ 0. Here, we present calculations of bifurcated equilibria without 2D symmetry for a model of the International Thermonuclear Experimental Reactor (ITER) tokamak, and we discuss their physical significance. Then, later we shall describe how technical difficulties that are encountered might be overcome in a quasiaxial symmetry (QAS) stellarator of comparable aspect ratio.
The BETA code that first implemented the MHD variational principle in three dimensions was based on a less accurate finite element method that required painstaking examination of the energy landscape to assess stability (1). The improved resolution of the spectral approach used in the NSTAB code provides a better prediction of ␤ limits that agrees well with experimental observations. The new criterion consists in looking for bifurcated equilibria that can be distinguished from others because they have unexpected asymmetries associated with dangerous modes. The existence of several solutions of the MHD equations is interpreted as evidence of linear instability, although a judgment call may be needed to decide whether nonlinear stability still prevails. The bifurcated solutions are usually calculated by at first introducing a forcing term to trigger a suspicious mode and afterward removing that term to find out if further iterations converge to an alternate equilibrium.
For some time it has been recognized in the fusion community that tokamaks with Ͼ 1 exceeding the Kruskal-Shafranov limit may generate bifurcated equilibria that have fully 3D helical excursions of the magnetic axis modeling an m ϭ 1, n ϭ 1 mode. We have made refined runs of the NSTAB code to address a similar issue for advanced tokamaks with rotational transform Ͻ 1. Bifurcated equilibria are calculated that exploit conservation form of the MHD equations to capture slender magnetic islands characterized by pairs of flux surfaces that nearly touch at X-points where there is an evident resonance. Long runs in double precision reduce residuals to the level of round-off error, showing that at least the discrete problem has nontrivial 3D solutions subject to 2D boundary conditions (13) . Convergence studies over a range of mesh sizes and spectral degrees have been performed to establish the physical relevance of these bifurcated equilibria, which apparently simulate neoclassical tearing modes (NTMs) or edge localized modes (ELMs).
In Fig. 1 we have plotted one Poincaré section from a typical bifurcated tokamak equilibrium that was run on a relatively crude grid so as to isolate a single magnetic island with m ϭ 2, n ϭ 1. Here ␤ ϭ 0.035 and net toroidal current produces a rotational transform descending from ϭ 0.9 at the magnetic axis down to ϭ 0.4 at the edge of the plasma. Two quite distinct X-points can be seen where the third and fourth flux surfaces from the separatrix meet. The result of the computation is sensitive to the profiles of and p, and also to the precise values of the rotational transform at the radial mesh points closest to the island. However, the physical implications of a multitude of 3D solutions we have found for 2D tokamaks modeling ITER, taken together, convey a persuasive message.
Small 3D asymmetries in the magnetic spectrum of a tokamak can have a major effect on transport. To deal with such matters, the TRAN code calculates the confinement times of ions and electrons independently by tracking guiding center orbits, subject to an appropriate collision operator, and then estimating how long it takes them to escape from the plasma (14) . Because test particles that reach the boundary are assumed to leave permanently, expected values of appropriate functionals decay exponentially, which enables one to estimate confinement times efficiently. In cases of 2D symmetry it is hard to reconcile differences in values for the ions and the electrons that scale like the square root of the mass ratio. In the past it was found that this difficulty with quasineutrality could be overcome by inserting 3D terms with a magnitude adjusted to make the confinement times of the ions and electrons coincide (2) . However, the use of such terms should not have been attributed to turbulence because that is too small. The discovery of a large class of 3D equilibria in 2D tokamaks now allows us to justify the earlier theory in a more convincing fashion.
When 3D equilibria are included in the competition, there is significant indeterminacy in the solution of the tokamak problem. That remains true even if the more controversial requirement of quasineutrality is imposed. However, the transient behavior of tokamak experiments compared with more stable performance of the LHD stellarator, together with the unpredictable occurrence of disruptions and crashes, show that the new theory we have presented is consistent with observations. One conclusion is that no 2D analysis can be expected to model equilibrium, stability, and transport simultaneously in magnetic fusion configurations.
Runs of the TRAN code have been compared favorably with measurements from tokamak experiments when quasineutrality is successfully imposed to determine 3D terms (14) . We have discovered an example of a tokamak with enough toroidal ripple from 12 planar coils to generate a radial electric field that eliminates difficulties with anomalous transport. Failure to understand the surprising effect on confinement of such small 3D changes in the magnetic spectrum means that the ITER project was planned by using a deficient theory.
An Optimized QAS Stellarator
The discovery of many 3D equilibria in 2D tokamaks puts the ITER project at risk. Even if ignition were achieved that way, a fusion reactor based on such a concept might not be safely stable. Our response to this dilemma is to propose instead a QAS stellarator of similar proportions. Let us discuss the design of such a device using the methods of computational science that we have developed.
The physical performance of a stellarator can be optimized by running the NSTAB and TRAN codes to select desirable Fourier coefficients ⌬ mn for the fixed boundary of the plasma with indices in the restricted intervals Ϫ1 Յ m Յ 4, Ϫ1 Յ n Յ 3. Stability is achieved by requiring uniqueness of the equilibrium subject to perturbation of resonant harmonics in the solution of the MHD equations. Good confinement occurs when there is quasihelical symmetry (QHS) or QAS of the magnetic spectrum so orbits are well behaved. We are primarily concerned with the latter case, which means that only axially symmetric coefficients B m0 are of appreciable size. In particular, we have found a compact stellarator that we shall call the QAS2 that has two field periods, a plasma aspect ratio A ϭ ⌬ 10 /⌬ 00 ϭ 2.5 like ITER, and 3D asymmetries in the magnetic field strength that are below 0.5% of the average field. Specifications for this configuration have been published recently as part of a stellarator reactor study (5, 15) .
After a candidate for magnetic fusion has been designed by calculations of fixed boundary equilibria, coils must be found to generate the surrounding magnetic field. We formulate this as a question in potential theory based on the Biot-Savart law (16) . In mathematical terminology, it is not a well posed problem to seek geometry of the coils so simple that no technological difficulties would be involved in constructing them and no extraneous harmonics would be introduced that might lead to irregularities in the flux surfaces of the external field. The issues are analogous to those encountered in Runge's theorem from the theory of functions of a complex variable, which asserts that any analytic function in a simply-connected domain of the complex plane can be approximated by polynomials. The trouble is that, on any appropriate control surface, a Biot-Savart distribution of current can be found to approximate the vacuum field in the optimized plasma, but coils constructed from level curves of the distribution function may become excessively complicated if ingenuity is not used in the computations (17) .
An important decision in the design of the QAS2 stellarator has been to avoid pessimistic local criteria for MHD stability by employing instead the more realistic NSTAB uniqueness test to Fig. 2 . Diagram of the QAS2 stellarator, which has two field periods and aspect ratio A ϭ 2.5. The color map of the plasma surface describes a 2D symmetry of the magnetic spectrum that minimizes transport. Twelve relatively smooth coils produce a magnetic field designed to confine the plasma in equilibrium. (Courtesy of Romeo Alexander.) Fig. 3 . Four of 12 modular coils that produce the magnetic field of the QAS2 stellarator using the Biot-Savart law. The coils at the far left and right are located at corners over the full torus, so all distances between the coils can be estimated from the figure by reflection.
select an optimal shape for the boundary of the plasma with analytically and geometrically desirable features (18). After that, a control surface for the coils is chosen that is defined by similar formulas. Finally, a Fourier series for the Biot-Savart distribution of current defining coil filaments is specified by using terms of low degree related to those in the representation of the separatrix. Painstaking calculations have been performed to arrive at a least-squares approximation of the plasma boundary that is defined by a system of linear equations for the coefficients of the current distribution that does not have a high condition number. Some remarkable results of the calculation are shown in Figs. 2 and 3 , and more detailed information has been documented elsewhere (5, 17) .
In conclusion, the computer simulations we have described predict that the ITER project will encounter pervasive MHD instabilities like NTMs and ELMs, but a comparable QAS stellarator configuration could serve to design a successful magnetic fusion reactor.
